The van der Waerden permanent conjecture is shown to belong to a large family of conjectured inequalities which are of some interest in themselves and all of which might be provable by a routine computation with convex bodies. In fact, the permanent conjecture in cases n = 3 and 4 does yield to this method. For n = 5, with the computations made by hand, no proof was found, but a slight extension of the computation (which would probably require electronic assistance) could still settle this case and perhaps even a few more small values of n. The question of whether the method must work remains open.
Although a great deal of effort has been spent on this conjecture, the results have been disappointing. Undoubtedly the deepest result is that of Marcus and Minc, who proved that the inequality is valid if P is in addition symmetric and positive definite. This result and many other facts about permanents are presented in [4] along with an extensive bibliography. Even the case n ----4 is not easy (see [1] ), and the case n = 5 has only recently been settled [2] . That the conjecture is not trivial is indicated by the fact that it requires an application of the marriage principle to see that the permanent of a doubly stochastic matrix cannot be zero.
A probabilistic interpretation of the conjecture is interesting. Suppose that n urns are filled with balls of n different colors so that the probability of drawing thej-th color from the i-th urn is Pi~ 9 If we now draw one ball from each urn the probability that we get exactly one ball of each color is per P. Because we are making the pjs probabilities, the matrix P must be stochastic. The column sum condition states that the expected number of balls of each color is exactly 1. Hence van der Waerden's conjecture can be stated: If the probabilities in the various urns are such that we expect one ball of each color, then the probability of drawing one of each color must be at least n !/n ". Or, we may say that the probability of drawing one of each color is least when the urns all have the same composition.
This immediately suggests another conjecture. Suppose that we have once again n urns but only r(~< n) colors of balls. If the probability of drawing the j-th color from the i-th urn is again p~j, then the matrix (p~j) is n • r and stochastic. Once again we draw one ball from each urn and suppose that the expected number of thej-th color is ej, an integer; that is, we suppose that the column sums of (pCj) are el, e2 ..... e~, respectively, where the e's are non-negative integers adding to n. It seems plausible to conjecture that the probability that a drawing will produce exactly el balls of the first color, e2 of the second ..... er of the r-th, is at least
where 9(e) = e*/e !, the latter being the probability if all the urns have the same composition; that is, p~j = e~/n. Let us call this the weak (e~, e2 ..... e~)-conjecture. The strong form claims that the probability is actually larger if the urns are not of similar composition. The van der Waerden conjecture is then the strong (1, 1 ..... 1)-conjecture. In analytical form this becomes: Suppose e~, e~ ..... e~ are integers and the n x r stochastic matrix has column sums el, e2 ,..., e,. Then the coefficient of x~lx~ 2 ... x~, in is at least (1)(weak conjecture) with equality holding only for pi~. = e~/n (strong conjecture).
It appears at first glance that this family of conjectures is more general than the original van der Waerden conjecture, but in fact van der Waerden's conjecture implies all the others rather easily. 
A >~ ~v(el) q0(e2) "'" go(e~_l + er)/q~(n), (3) which is the weak form of the (el ..... er-2, e~-i + e~)-conjecture. Assuming the strong (el ,..., er)-conjecture, if the rows of the p matrix are not all equal, the same will be true of the q matrix and we shall have strict inequality in (2) and therefore in (3). This proves the strong (el .... , e~_~, e~-i § er)-conjecture.
Now it is clear that the van der Waerden conjecture for n implies all of the (el ,..., e0-conjectures for el + .-- § e~ = n. Thus we can visualize the van der Waerden conjecture at the top of a ladder of conjectures and it is appropriate to inquire whether the other conjectures are more accessible. At least we shall prove below that all (e I , e2)-conjectures are true.
We shall generalize these ideas still further and this will require some notation.
For any positive integer p, ~1 denotes the p x 1 matrix of ones, and 1~ denotes the 1 x p matrix of ones.
For any positive integers n, r, dr denotes the set of all n x r matrices of real numbers. (We no longer require that r <~ n.)
For each 1 x r vector E----{el, e2 ..... e~) of non-negative numbers such that e I -~ e2 + "'" + e~ = n (here n must be an integer but the e's need not be), let de(E) = de(ex .... , e~) be the set of n x r stochastic matrices with column sums e1 ..... e~ ; in symbols,
This is evidently a compact convex subset of ~'~,~.
Let t~., denote the set of all homogeneous polynomials of degree n in x~, x~ x, ~, is a vector space of dimension r
With each matrix M = (p~j) in Jg,,~ we associate a polynomial
~b~M ~ I~ (~ p~jxj).
Then ~b~ is a continuous map from ~'n,~ to ~.~. Denote by ~(E) the set ~b~de(E). It is compact and lies in the hyperplane in ~.~ consisting of those polynomials with coefficient sum one. Elements of ~(E) can be interpreted as probability distributions for mixed multinomial trials.
We seek linear inequalities among the coefficients of polynomials in ~(E).
Since -~(E) lies in a hyperplane of ~,~ not passing through the origin, each inhomogeneous linear inequality valid over ~(E) is equivalent to a homogeneous one. Thus our problem is to find all linear forms fE ~,~* such thatf(P) ~ 0 for all P ~ ~(E). Denote the set of all such forms by cg(E). ~(E) is a cone in ~,~*. The determination of T(E) is abstractly equivalent to the determination of the convex hull of ~(E). Take E = Is. de(l~) is the set of doubly stochastic matrices and ~(1 ~) is the corresponding set of polynomials. The coefficient of x~x2 "" x,~ in a polynomial P is P,
hence the weak form of the van der Waerden conjecture is equivalent to the statement that
is non-negative for all P ~ ~(1,~), or that W,~ ~ ~(ln).
The first result on this general problem is that of Hoeffding [3] . In our notation he proved 
Here, of course, ~,/3, and y must be non-negative integers adding to n, a + py = e~, and/3 + qy = e2. Thus ~,/3, and ~, determine p and q, so there are only finitely many such polynomials in ~(E). Thus Hoeffding's theorem implies that the convex hull of ~(E) is a polyhedron with extreme points given explicitly by (4). In turn this implies Furthermore we may conclude: Iff~ ~.2" andf achieves its minimum value at only one of the polynomials (4), thenfachieves its minimum only once on ~(el, e~).
Hoeffding's theorem is the case r = 2 of the more general result: If f~ ~,r* andfo ~br has the minimum value V on 5e(E) and M ~ 5a(E) is chosen with the largest possible number of zeros so thatf~b~M = V, then any two rows of M having the same zero pattern are equal. Unfortunately, for r ~ 2 this does not reduce the number of possible M's to a finite set, and if r is at all large, even the parametric description of the possible M's is impractical.
THEOREM 4. For all non-negative integers e 1 and e~ , the strong (el, ez)-conjecture is true.
This is subsumed in Theorem 5 of [3] , but we include a proof since it illustrates the scope of Theorem 2.
PROOF: By Theorem 2 we need only verify that the coefficient of xlelx~'~ in xl~x2~(pxl + qx2)v is at least ~0(el) cp(e2)/~(el + e2) whenever a, fl, 7, el, e~ are non-negative integers and o~ + py = e I , fl Af_ qT' = e2, p + q = 1. We readily compute that this_coefficient is strictly decreased whenever we diminish ~ and increase 7 by 1 leaving e~ and e2 fixed. This reduces to the well-known fact that (1 + 1/r) T increases strictly with r. Similarly, the coefficient goes down when/3 is decreased and 7 is increased. Hence the least value of this coefficient occurs in (pxl + qx~) ~1+'~, where fl ~ el/(el + ee) and q = eJ(el + e2). In this case it is ~(el) ~(e2)/~o(el + e2). This proves the weak form of the (e~, e2)-conjecture. Since the minimum is achieved only once among the extreme points (4), we can also conclude that the minimum is achieved only once on N(e~, ee). The unique factorization theorem for polynomials implies that the polynomial (px~ + qx2) ~+~ has only one inverse image in S~(el, e~), so the strong form of the conjecture follows also.
Next we shall see how to apply Hoeffding's theorem to obtain information for larger values ofr. Let A be a stochastic r • k matrix. We use A to 
Rate(E) C_ Se(EA)
and Sa~b~ -----~bkRa,
where Ra is right multiplication by A.
Supposef~ C~(EA). Then f SA~(E) = f Sa~brSa(E) = f ~bkRASf(E) C f ~b~tP(EA) = f ~(EA) C_ [0, oo).

Therefore, f SA ~ C~(E). Finally
S~*~(EA) c_ ~(E),
where * refers to transpose. This is just an elaboration of the ideas in the proof of Theorem 1.
If we take k = 2 and any explicit r • 2 matrix A, then ~(EA) is a finitely generated cone. Then Sa*~(EA) is also, and we can explicitly calculate its generators. Choosing various A's we obtain in this way a large number of element in g(E). With luck we may be able to show that W~ e g(1 ~) by this method and thus prove the van der Waerden conjecture. In fact this works for n = 3 and n = 4, as we shall show.
This general method for finding members of g(E) brings up the question: Does UA Sa*g(EA), where A runs through all stochastic r • 2 matrices, generate the cone ~(E)? It would seem rash to conjecture that the answer is yes, but it is conceivable. This question seems to be important for the general study of inequalities for mixed multinomial distributions.
Since the van der Waerden conjecture is symmetric in the columns, we can take advantage of the symmetry in carrying out the calculations suggested above. If B is an n • n permutation matrix, then SB acts on ~., by permuting the variables and SB~(1,~) = N(lnB) = ~(1~). Moreover, SB*W~ = W~. Hence if W, is a convex combination Y, ~if~, then also W~ = ~ ~;gi where
the summation being over all permutation matrices B. These g's are symmetric forms on ~,~ in the sense that g(x~lx'~2 ... x~,) depends only on the partition {m 1 , rn 2 ..... ran} ofn and not on the order of the m's. The set of symmetric forms has dimension equal to the number of partitions of n, which is considerably smaller than the dimension of ~.n. Hence, in trying to decide if W~ 9 ~(ln), we can choose elements of q~(l~A), apply SA*, and then symmetrize via (5) before attempting to decide whether W~ is in their convex hull.
To illustrate the method we shall demonstrate the van der Waerden conjecture in the cases n = 3 and n = 4. We start with n = 3.
A homogeneous polynomial of degree three in three variables has ten coefficients which are naturally arranged in a triangular array. ~a,3* is also 10-dimensional and we choose the basis dual to the basis in ~a.a formed by the monomials and arrange them also in triangular form. Thus The linear formfgiven by --6 --13 7 0 is positive on the first two of these polynomial and zero on the last. Hencefe ~' (1, 2) . Sa*fis given by --6 --13 --13 7 7 7 0 0 0 0 Symmetry shows that the forms given by 0 0 0 7 7 0 and 0 7 --13 --13 7 0 0 7 --13 --6 --6 --13 7 0
are also in Sa(1, 1, I) and so is the sum g of the three displayed forms,
This states that, for any matrix M in S:(1, 1, 1), 21 times the permanent is at least 6 times the sum of all other coefficients in the corresponding polynomial. Since the sum of all coefficients is one, this gives 27 per M ~> 6. This is the weak form of the van der Waerden conjecture for n = 3. We can deduce the strong form also. Suppose per M = 6/27. Then
Since g is the sum of SA*f and its symmetric images, all of which are nonnegative on ~bzM, we see that Sa*f(~baM ) ----0, or f~b2(MA ) = 0. Sincef achieves its minimum only once on the set (6) this implies that ~b2(MA)
is the polynomial (1 6 12 8)/27 so every row of MA is (1/3 2/3). But this shows that the first column of M is all 1/3's. A similar argument with the symmetric images of SA*fleads to the conclusion that the other columns of M also consist of 1/3's.
Next we consider n = 4. The dimension of ~.4 is 35, already too large for easy display of coefficients, so we go directly to the symmetrized form of elements of ~a~4,4". These have five coefficients and we display them in linear order. Thus This does not prove that the method cannot work in this case since one" might also try the matrices I I! which is proportional to W4 9 Hence the weak form of the van der Waerden conjecture is true for n -----4. Since the linear form (7) is derived from the form g which achieves its maximum at only one point of 9(1, 3), we can deduce the strong form of the conjecture by the same argument as before. I tried to prove the case n = 5 by the same method using the matrices or still others. The calculation of whether W5 is in the symmetrical convex hull of the cones obtained from any finite number of 5 x 2 matrices could be done with the aid of a computer. It seems quite possible that the problem could be settled by this method for several more small values of n, and the results might suggest a proof that Wn E cg(1 ,) in general.
